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Fast Cross-Validation for Kernel-Based
Algorithms

Yong Liu™, Shizhong Liao

, Shali Jiang, Lizhong Ding

, Hailun Lin, and Weiping Wang

Abstract—Cross-validation (CV) is a widely adopted approach for selecting the optimal model. However, the computation of empirical
cross-validation error (CVE) has high complexity due to multiple times of learner training. In this paper, we develop a novel
approximation theory of CVE and present an approximate approach to CV based on the Bouligand influence function (BIF) for
kernel-based algorithms. We first represent the BIF and higher order BIFs in Taylor expansions, and approximate CV via the Taylor
expansions. We then derive an upper bound of the discrepancy between the original and approximate CV. Furthermore, we provide a
novel computing method to calculate the BIF for general distribution, and evaluate BIF criterion for sample distribution to approximate
CV. The proposed approximate CV requires training on the full data set only once and is suitable for a wide variety of kernel-based
algorithms. Experimental results demonstrate that the proposed approximate CV is sound and effective.

Index Terms—Cross-validation, approximation, bouligand influence function, model selection, kernel methods

1 INTRODUCTION

ROSS-VALIDATION (CV) is a tried and tested approach

for selecting the optimal model [1], [2]. The empirical
cross-validation error (CVE) is a reliable estimate of the gen-
eralization error for performance estimation [3]. In ¢-fold
CV, data set is split into ¢ disjoint subset of (approximately)
equal size and the algorithm (or model) is trained for ¢
times, each time leaving out one of the subsets from train-
ing, but using the omitted subset to compute the validation
error. The t-fold CV estimate is then simply the average of
the validation errors observed in each of the ¢ iterations, or
folds. Discussions and theoretical studies about the t-fold
CV can be found, for example, in [4], [5], [6], [7], [8], [9] and
the references therein.

Kernel-based algorithms, such as SVM [10], least squares
SVM [11], kernel ridge regression (KRR) [12] and support
vector regression (SVR) [13], have demonstrated great suc-
cess in pattern recognition problems. The performance of
these methods greatly depends on the choice of some
hyper-parameters (such as the kernel parameter and regu-
larization parameter), hence how to select the optimal
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hyper-parameters is fundamental to kernel-based algo-
rithms [14], [15], [16].

Although the t-fold CV is a commonly used approach
for selecting the hyper-parameters of kernel-based algo-
rithms [17], [18], [19], it requires training ¢ times. In this
paper, we develop a novel approximation theory of CVE
and present an approach to approximating the CVE based
on Bouligand influence function (BIF) [20] for a variety of
kernel-based algorithms, including LSSVM, KRR, SVM
and SVR. We first establish the relationship between BIF
and CVE, and further give an approach for approximat-
ing the CVE via BIF and higher order BIFs. This is the
first attempt to apply the theoretical notion of BIF for
practical model selection. We then derive an upper bound
of the discrepancy between the original and approximate
CVEs, with a convergence rate O(7), where 7 is the order
of the Taylor expansion and ¢ the number of the folds.
Thus, if r and t are not very small, the value of # is
nearly equal to 0, which demonstrates the effectiveness of
the proposed approximate CV. Moreover, we provide a
novel computing method to calculate the BIF and higher
order BIFs for general distribution, and use them as the
criteria to approximate the CVE for model selection of
kernel-based algorithms. The proposed approximate CV
requires training on the full data only once, hence can sig-
nificantly improve the efficiency. Experimental results
demonstrate that the approximate CV gives almost the
same accuracy results as the traditional CV, but mean-
while significantly improves the efficiency.

This paper is an extension of [21], [22] published in ICML
and IJCAI, respectively. Compared with the conference ver-
sions, this paper contains much new material, including

e an approximation theory of CVE based on the Bouli-
gand influence function for kernel-based algorithms;

e anupper bound of the discrepancy between the orig-
inal and the approximate CVEs;
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e an extension of our approximate method to various
kernel-based algorithms, such as L1-SVM, L2-SVM
and SVR;

e lots of experimental investigations of our approxi-
mate method for various kernel-based algorithms.

1.1 Related Work

In this section, we will introduce the related work about
approximate CV methods of kernel-based algorithms and
Bouligand influence function.

1.1.1 Approximate CV of Kernel-Based Algorithms

The extreme form of ¢-fold CV, where t equals the sample
size, is known as leave-one-out CV. For the sake of efficiency,
much work has been done to reduce the time complexity of
leave-one-out CV for some specific kernel-based learning
algorithms, see [23], [24], [25], [26], [27], [28] for SVM, [17],
[29] for LSSVM, [30] for sparse LSSVM, [31] for kernel logistic
regression, [32] for kernel Fisher discriminant classifiers,
[33], [34] for Gaussian processes, and [35], [36] for kernel-
based regression. There is much work on improving the effi-
ciency of the leave-one-out CV, but little work focuses on the
general t-fold CV. Based on the fact that the LSSVM and KRR
have closed-form solutions, [18], [37] applied the matrix
inverse formula to develop a new formula to expedite the
t-fold CV process. [8], [38] proposed a framework for kernel
multi-class models, and used the approximation of ¢-fold
CVE log likelihood to learn the kernel parameters.

There is little work on the approximation of the general
t-fold CV (for all t). Moreover, the existing approximation
techniques for the leave-one-out CV or general ¢-fold CV can
only be used for a specific kernel-based algorithm. There
exist no effective methods for approximating the general
t-fold CVE for a wide variety of kernel-based algorithms.

1.1.2 Bouligand Influence Function

In recent years, some researchers have studied the robustness
of kernel-based algorithms, see [20], [35], [39], [40], [41], [42],
[43], [44], [45], [46], [47] and the references therein. In the field
of robust statistics, the notion of influence function (IF) [48] is
introduced in order to analyze the effects of outliers on the
algorithm. [39], [40], [41], [42], [44], [45], [46] showed that
SVMs for classification and regression have a bounded influ-
ence function under some assumption on the loss function.
[35] provided an approach to estimating the leave-one-out
CVE via the influence function for some kernel-based regres-
sion. [20] generalized the notion of influence function, and
introduced a new notion from Bouligand-derivatives [49]
called Bouligand influence function, which measures the
impact of an infinitesimal small amount of contamination of
the original distribution. They also showed that SVMs have a
bounded BIF with some assumptions on loss function.

The focus of the above work lies on deriving the theoretical
analysis of robust statistics for some kernel-based algorithms.
But little work aims at developing practical procedures for
model assessment.

1.2 Contributions
Our contributions are given as follows:

1)  We develop a novel approximation theory of CVE
based on the BIF for kernel-based algorithms. A tight
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upper bound of the difference between the original
and the approximate ¢-fold CVEs is established
(see Theorem 1).

2) We show that the BIF and higher order BIFs are
closely related to terms of a Taylor expansion, and
present an approach to approximating the CVE via
the Taylor expansion. This is the first attempt to
apply the theoretical notion of BIF for practical
model selection.

3) We provide a novel computing method to cal-
culate the first order BIF for the general distri-
bution. Furthermore, we extend the above result
of the first order BIF to the higher order BIFs
(see Theorem 3).

4)  We evaluate the first and higher order BIFs for sam-
ple distribution, and further present an efficient
method for approximating t-fold CVE. Different
from the existing approximate leave-one-out CV or
t-fold CV, the proposed approximate CV is suitable
for a wide variety of kernel-based algorithms, such
as SVM, LSSVM, KRR and SVR.

5) The proposed approximate t-fold CV requires train-
ing on the full data set only once, hence can sig-
nificantly improve the efficiency. The proposed
approximate CV offers a new paradigm for practical
model selection.

1.3 Outlines

The rest of the paper is organized as follows. We
start by introducing some preliminaries and notations in
Section 2. In Section 3, we give the notion of BIF and
higher order BIFs, and propose a novel strategy for
approximating the CVE. A method to calculate the BIF
and higher order BIFs for the general continuous distri-
bution is proposed in Section 4. In Section 5, we evaluate
these BIFs for the sample distribution, and show how to
use BIFs to approximate the t-fold CV in practice. We
empirically analyze the performance of our proposed
approximate CV in Section 6. We end in Section 7 with
conclusion.

2 PRELIMINARIES AND NOTATIONS

We consider supervised learning where a learning algo-
rithm receives a sample of n labeled points

S = {zz = (xiayi)}?:l € (Z =& x y)na

where X denotes the input space and ) denotes the output
space, Y C R in the regression case and Y = {—1,+1} in
classification case. We assume S is drawn identically and
independently from a fixed, but unknown probability distri-
butionPon Z = X x ).

Let k: X x X — R be a kernel, that is, « is symmetric
and for any finite set of points {xi,...,x,} C &, the kernel

matrix K= [K(x,-,,x]-)]:.fj:1 is positive semidefinite. The

reproducing kernel Hilbert space (RKHS) H associated with
the kernel « is defined to be the completion of the linear
span of the set of functions

{D(x) = k(x,) 1 x € X}
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with the inner product satisfying (x(x;,-),«(x},")) =
K (Xi, X))
The operator f, : P — f(P) = f.p € H is defined by

fep = arg minEp[l(y, £(x))] + Al fII7,
feHr

where /(-, ) is a loss function, A is the regularization param-
eter and H is the RKHS associated with «. When the sample
distribution Pgs is used,

. L1 .
feps = argmin=>"0(y;, f(x;)) + Al fII3-
fen M

KRR, LSSVM, L1-SVM, L2-S5VM and e-SVR are only differ-
ent in the choice of the loss function:

¢ KRRand LSSVM: £(y, f(x)) = (y — f(x));

e LI-SVM: {(y, f(x)) = max(0,1 — y(f(x)));

o L2-SVM: ((y, f(x)) = max(0,1 — y(f(x)))*

e eSVR: /(y, f(x)) = max(0, [y — f(X)| — ).

Let Sy,...,S; be a random equipartition of S into ¢ parts,

called folds, with |S;| = |%| =: I. Let Ps\s, be the empirical
distribution of the sample S without the observations S;,
that is

%l leES\SZ,

Ps\s;(2) = { 5 ey

0 otherwise.

Let fcps; be the hypothesis learned on all of the data
excluding S;. The ¢-fold cross-validation error is defined as

Z SV (5 e (%)

i=1 z;€S$;

t—CV:=

where V-, ) is an appropriate loss function.'

3 APPROXIMATION OF CROSS-VALIDATION

In this section, we will first introduce the notion of Bouligand
influence function [20] and define higher order BIFs. We then
represent the BIF and higher order BIFs as terms of Taylor
expansions, and approximate t-fold CVE via the Taylor
expansions. Finally, we derive an upper bound of the dis-
crepancy between the original and approximate CVEs.

3.1 Bouligand Influence Function

Definition 1. Let P be a distribution and T be an operator
T : P — T(P). Then the Bouligand influence function (BIF)
of T at P in the direction of a distribution Q # P is defined as

T((1 - P +<Q) — T(P)

€

BIF(Q; 7, P) = lim

One can see that BIF is used to measure the impact of an
infinitesimal small amount of contamination of the original
distribution P in the direction of Q on the quantity of T'(P).
The notion of influence function [48] popularly used in the
field of robust statistics is a special case of BIF when setting

1. V does not need to be the same as the loss function ¢ used to
obtain f, .
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Q to be the Dirac distribution §. at a point z € Z. BIF is a
generalization of influence function.

Remark 1. The existence of BIF has been discussed in [20].
They show that if the & and ) are closed sets, « is a
bounded and continuous kernel function, ¢ is a convex
loss function and is Lipschitz continuous w.r.t. the second
argument, then the BIF is existence. In this paper, we
assume the BIF is existence in the following.

Denote P.g = (1 — €)P + ¢Q. Note that the derivative of
T(P.g) at € can be written as

T(P —T(P,
lim ( E+A€~Q) ( S,Q) )
Ae—0 Ae

(2)

If setting ¢ = 0, Equation (2) gives
o T(Pac) = T(P)

= BIF(Q; T, P).
Ae—0 Ae (@T.P)

Thus, BIF(Q; T, P) is the first order derivative of T'(P.g) at
€ = 0. The higher order BIFs can be defined as follows:

Definition 2. Let P be a distribution and T be an operator
T : P — T(P). Then the kth order BIF of T at P in the direction
of a distribution Q # PP is defined as

0
BIF(Q:T.P) = - T(Beg)lms:

where Peg = (1 — €)P + €Q.

If BIF and high BIFs existence, from Taylor expansion, we
have

o8 i

T(P.. Z

=1

F;(Q; T, P). 3)

3.2 Approximation of Cross-Validation Error
with BIFs

In this section, we will give a novel approach to approxi-
mating the t-fold CVE with BIFs, and derive a bound of the
discrepancy between the original and approximate CVEs.

To this end, let Ps, be the empirical distribution corre-
sponding to the ith fold S; and Ps the sample distribution,
respectively. We have

1y .
Psi(z):{l if zeS;,

_JLifzels,
0 otherwise; and Ps(z) = {

0 otherwise.

One can see that

-1 -1
Pss, = (1— P Ps,
S\S; ( (t_l)) s+ —Fs

where Pg s, is the empirical distribution of the sample S
without S; defined in (1). Thus, if taking

—1
Q="Ps,e=,—7,Po=Ps\s,P=Psand T = fes

1 )
Equation (3) gives

</ —1 \*BIF,(Ps.; f,,P
fK‘PS\S, = fK,]P’S + Z<t — 1> ( Si fK S) . (4)
s=1

s!
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Thus, we can take the low order approximation of the Tay-

lor expansion to effectively approximate the ¢-fold CV by
cutting it off at some step r

t
BIF} := %Z Z V<yj7fk,]l”5(xj)

i=1 z;€S; (5)
" [ —1 1°BIF,(Ps;; fe, Ps)(x;)
+ ; |:t _ 1:| 8! } > '

Note that BIF; only depends on the calculation of f, p; and
BIF(Ps;; fc,Ps). Thus, if given the BIF (Ps; f,Ps), we
need to train the algorithm only once on the full data set S
to obtain f, p, for approximating the fKA]ps\ s/ i=1,2,....In
the next section, we will provide a procedure to calculate
BIF,(Ps;; fi, Ps) for kernel-based algorithms.

The upper bound of the difference between the original
t-fold CVE and the approximate BIF} is given as follows:

Theorem 1. Let t-CV be the t-fold CVE,

t—CV:= %Z Z V(Yj, fepgs, (%))

i=1 ZJES,’

and BIF] the approximate t-fold CVE defined in (5). Assume
that BIF(Ps;; fe, Ps) is bounded, that is, there exists a con-
stant @), such that for all x € X, |BIF(Ps;; fe, Ps)(x)| < Q,
and V(-,-) is C-Lipschitz continuous with respect to the sec-
ond variable. Then

cQ
r+DIE—1) (t—2)

|t — CV — BIF}| < (

The proof is given in Appendix A.

The assumption that BIF,(Ps;; f, Ps) is bounded is com-
mon, we will show that this assumption is satisfied under
certain general conditions in Section 5. One can see that for
a not very small number 7, 57— is nearly equal to 0.
For example, if setting t = 10, r = 5, then m
m = 7.84e-9. This implies the effectiveness of the pro-
posed approximate CV.

4 CALCULATION OF BIFs FOR GENERAL
DISTRIBUTION

In this section, we will provide a novel method to calculate
the first order BIF and higher order BIFs at a general distri-
bution P on Z.

Let ¢'(-,-) be the derivative of £(-,-) with respect to the
second variable. The first order BIF at the general distribu-
tion P is given in the following theorem:

Theorem 2. Let H be the RKHS of a bounded continuous kernel
k on X, and P a distribution on Z, then the BIF of f, in the
direction of a distribution Q # P is

BIF = L' [ = 2Afir = Bo[¢(y, fir(x) ()]
where the operator L : H — H is defined by
L(f) = 2M\f + Ep[" (y, f(x)) F)P()].
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The proof is given in Appendix B.
The calculation of higher order BIFs are given in the fol-
lowing theorem:

Theorem 3. Let H be the RKHS of a bounded continuous kernel
kon X, and ((-,-) a convex loss function such that the third
derivative with respect to the second variable is 0. Furthermore,
let P be a distribution on Z, then the (k + 1)th order BIF.; of
fi in the direction of a distribution Q # P is

BIF.; = (k+ 1)L []Ep [BIFL(Q; fo, P)C (3, fep(X))P(X)]
— Eg[BIFL(Q; fis P)F' (3, fer (0)D()]
where the operator L : H — M is defined by
L(f) = 2Xf + Ep[¢" (y, f(x)) f ()P (x)].

The proof is given in Appendix C.

Remark 2. In Theorem 3, the loss function ¢ is assumed to
be convex with zero third derivative w.r.t. the second var-
iable. It seems that this assumption might be too strong.
In fact, from the proof of this theorem, one can see that
the assumption of the third derivative w.r.t. the second
variable is 0 can be removed. We add this assumption is
to make the form of the high order BIFs simple.

Furthermore, if the loss function is also symmetric,
meaning f(t1,%2) = f(t2,t1), we only need to assume that
the high order derivative (no matter w.r.t. the first or sec-
ond variable) of the loss function is existence.

5 CALCULATION OF BIFS FOR SAMPLE
DISTRIBUTION

In this section, we will evaluate the BIFs for the sample

distribution Ps for a wide of kernel-based algorithms,

including LSSVM, KRR, L1-SVM, L2-SVM and eSVR,

and further apply these results as criteria to approximate
the t-fold CVE.

5.1 LSSVMand KRR

LSSVM and KRR are two popular learning machines with
square loss for solving classification and regression prob-
lems, respectively. From Theorem 2, the operator L at sam-
ple distribution Ps maps f, g, € H to

Lfeps) = Wers + 23 furg (o) 0(x).
=1

Thus, one can see that

L(fk,]P’S)(xl) 1 fK,]PS (Xl)

fK,IP’S (xn)

is the n x n identity matrix.

L (fk,]P’.S ) (%)

where K = [k(x;,x;)]] ;I

ij=1n

Equation (6) indicates that the matrix

9L, =2 [)\In + 1K] ,
n
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is the finite sample version of the operator L at Ps. From
Theorem 2, it is now clear that

BIF(x;) .
b =L o KeSg =Mk, (@
BIF(x,)
where
f/(yb fl(,]P’S (xl)) Y1 — fK.]P’S (Xl)
1 . B . '
g - 5 . - N 9

gl(yn» fk,]P’S (xn)) Yn — f»(,]P’S (xn)
T
fKJF’S = (fK,]PS(x])7'"7fK,]P’5(x'fl)) ;
. . . 1 ifx; €8;,
S;is an n x n matrix with [S;]., = .
I 0 otherwise;
o is the entrywise matrix product.

For t-fold CV, define B;, as the n x ¢t matrix with
[Bk]ﬂ = BIF,(Ps,; fe. Ps)(x;),5 € {1,...,n},i € {1,...,t},

and BZ the ith column of B;.. From Theorem 3, one sees simi-
larly that the higher order terms can be computed by

] 1.1 .
B, , =(k+1L,' [EKB; —ﬂKoSi]B}{ ) ®)

Let Q be the n x t matrix with

if X; € Si,

1
[Q]j,i = {1% otherwise,

1
and G = —L, 'K,
1 n

then Equation (8) gives
Bi1 = (k+ 1)G[Bj, 0 Q](1 — t). )

According to Equation (4), by cutting it off at some step r,
we have

S 1

o1
g 06) = forsl) + [ | B QO
s=1L" )

Remark 3. Note that K is a positive semidefinite matrix,
thus L, = AL, + %K a positive definite matrix, and
L, ||, < 1. Therefore, if the kernel, the first derivative of
the loss function and the element of H are bounded, then
from Equations (7) and (8), it is easy to verity that the BIF
and High order BIFs are all bounded.

The similar analysis can easy be extended to L2-SVM,
L1-SVM and e-SVR.

5.2 L2-SVM
The loss function of L2-SVM is £(y,t) = max(0,1 — yt)*.
Thus, we have

0 if yt > 1
C(y,t) :{ LY
—2y(1—yt) ifyt < 1,
0 ifyt >1
é”(y,t) = 1 Y
2 ifyt < 1.

1087

Note that the derivatives with respect to the second variable
of {(y,t) at yt = 1 do not exist, but in practice the probability
that yt = 1is 0, so we can ignore this possibility.>

A point x; is a support vector if y;(feps(xi)) < 1. Let us
reorder the training points such that the first ng, points are
support vectors. Let I be the n x n diagonal matrix with
the first n, entries being 1 and the others 0.

From Theorem 2, the operator L at sample distribution
Ps maps any f.ps € H to

Tsv.

Lfeps) = Wrs + 23 furg (o) P(x).
Jj=1

Thus, we have

L(fK,IP’S)(Xl) fx,]PS (Xl)

: =2 {AI,,Z + %KIO} :
L(fx,]l”s)(xn) fKJP’S (xn)

So, the matrix
|
9L, = 2| AL, + ~KI°|,
n

is the finite sample version of the operator L at Ps. Similar to
LSSVM and KRR, the following equations hold:

B =L {— % [KoS|I'g — )‘fKJP’S} :
Bii1 = (k+1)G[Br o QJ(1 — 1),

where G = %L;1K107g =(g1,... 7gn)T7g7; = feps(Xi) — yi, and

feps = (feps(X1),-- -, feps (xn))T. Thus, we have

N " [Bsl;,
fepsis, (%) = feps (X)) + ; (1,7,51)3,

5.3 L1-SVM
The hinge loss used in L1-SVM is not differentiable. We pro-
pose to use a differentiable approximation of it, inspired by
the Huber loss

0 if yt > 1+ h,

2
Uy t) = ¢ Wi 11— yt| < b,
1—yt ifyt < 1—h.

If h — 0, the Huber loss converges to the hinge loss. It is
easy to verify that

0 ityt > 1+ h,

Oy t) = ¢ 2 11— yp) < b,
—y ifyt < 1—h,
0 ifyt >1+h,

'y, t) = Q 95 if |1 —yt] <h,
0 ifyt <1-—h

We say that a point x; is a support vectorif |1 — y;(fipg(Xi))]
< h. Similar with L2-SVM, we can obtain that

2. Alternatively, we can use subdifferentials of these points.
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1
L, := 2\, + —KI°,
) -+ 2hn

is the finite sample version of the operator L at Ps, and the
following equations hold:

Bi _ L;l _% [K o SJg — 2)\f)(,]P’S s
Bii1 = (k+ 1)G[Bi 0 Q](1 — 1),

where g = (g1, ... 7g,,,)T, gi = (Yi» feps(Xi)), G = ﬁL;lKIU
and f/(.]P’S = (f/(,IPS (Xl)a R} fk,]PS (xn))T-

5.4 SVR

The loss max(0, |y — t| — €) of e-SVR is not differentiable. Let
d = |y — t|, we consider the use of the following Huber loss

0 ifd < e—h,
2
Uy,t) = WD i _p<d—e<h,
d—e ifd > e+h

If h — 0, this Huber loss converges to max(0,d — ¢). Note
that

0 ‘ ifd < e—h,
E/(’y, t) _ _ (h+d—e;a;gn(y—t) if —h<d—e< h,
—sign(y — t) ifd > e+ h,
and
0 ifd < e—h,
Uy, t) =% 5 if —h<d—e<h,
0 ifd > e+h.

We say that a point x; is a support vectorif e — h < |y;—
fKJPS(xi)l S €+ h.
Note that the matrix

1
L, := 2\, + T KI1°

is the finite sample version of the operator L at Ps. Similar
with L1-SVM, we have

71
B/ =L," —Y[Kos,;}g—ufhps ,

Bii = (k+1)G[B; 0 QJ(1 — 1),

where G = ﬁL;lKIO.

5.5 BIF Criterion
The traditional ¢-fold CVE is given by

t—CV = %Z Z V(y]7 fKJF’S\& (X]))

i=1 Z]‘ESZ'

The idea is to replace fep ¢ (X;) by

" [Bs]j/i
fers (X)) + ;m

Thus, the rth order BIF criterion of the approximation of
t-fold CVE is defined as
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BIF = 23" 5V (i ey ) + 3 o
t o= n Yjs Jieps\ X5 - (1 —t)ssl .

i=1 ZjES,j

To compute BIF}, we need to compute f, p on the full data
set, the inversion of L, and BIF matrices. For LSSVM and
KRR, the calculation of f,p,; includes the calculation of the
inversion of L,. For L1-S5VM, L2-SVM and -SVR, the time
complexity of computing the inversion of L, is O(n?),
where 7, is the size of support vectors that is usually much
smaller than the size of data n, i.e., ny, < n. The time com-
plexity of computing BIF matrices is O(tn* + rn?), where t is
the fold of CV and r is the order of the Taylor expansion.
Thus, the overall time complexity of BIF] is

O(n® + rn® 4 tn?),
for LSSVM and KRR, and
O(n® +nd, +rn® + tn?),

for L1-SVM, L2-SVM and e-SVR.
For the traditional ¢-fold CV, the algorithm need to
be executed ¢ times, the time complexity is O(t(%n)s) =

O(“}1 i n3). Thus, the proposed approximate t-fold CV is
much more efficient for a moderate value of ¢.

6 EXPERIMENTS

In this section, we will empirically analyze the performance
of the proposed approximate t-fold cross-validation using
the criterion of ¢-BIF.

The data sets are 20 publicly available data sets from
LIBSVM Data:* 10 data sets for classification and 10 data
sets for regression. We use the popular Gaussian kernel

2
N —llx =Xl
k(x,x') = exp( 55 ,

and polynomial kernel*
k(x,X) = (x"X + 1),

witho € {2/,i = —10,-9,...,10},d € {1,2,...,10}. The reg-
ularization parameterS)\ €{2'/n,i=-3,-2,...,11}. For
each data set, we run all the methods 10 times with data sets
being split randomly (50 percent of all the examples for train-
ing and the other 50 percent for testing). The use of multiple
training/test partitions allows an estimate of the statistical
significance for the performance of different cross-validation
methods. Let A; and B; be the test errors of methods A and B
in partition i, and d; = B; — A;,i = 1,...,10. Let d and S, be
the mean and standard error of d;. Then under ¢-test, with

3. http://www.csientu.edu.tw/~cjlin/libsvm.

4. In this paper, we only report the results with polynomial kernel
for LSSVM. For other learning machines, such as L2-SVM, L1-SVM,
KRR, e-SVR, the results of polynomial kernel are similar to LSSVM.

5.The value of A\ we set seems too small at first sight, but in
fact, the regularized algorithm we considered in this paper is

I U(feps (i) i) + AHsz, while other authors usually ignore 1/n.

Therefore, the value of X in our paper is 1/n time of that of regularized
algorithms other authors considered.
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Fig. 1. The traditional ¢-CV errors and ¢-BIF errors for LSSVM with ¢ = 5,10, 20. The order of the Taylor expansion » = 5 and the regularization

parameter A = 1/n.

TABLE 1
The Average Test Errors (%) of ¢-BIF and ¢-CV on the Classification Data Sets for LSSVM with ¢ = 5,10, 20

LSSVM 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF

australian 15.19 + 0.88 15.19 +0.88 14.67 +0.78 14.67 + 0.78 15.01 +0.38 15.01 +0.38
heart 17.33 + 3.42 17.33 £ 3.42 16.89 + 3.20 17.78 + 1.74 17.63 +2.94 17.63 +2.94
ionosphere 720+ 1.11 720+ 1.11 6.97 + 0.85 6.74 £ 0.85 6.74 £ 0.48 6.74 £ 048
breast-cancer 3.28 +0.56 3.28 +0.56 3.40 + 0.61 3.40 + 0.61 3.40 +0.61 3.40 +0.61
diabetes 2344 +1.55 2344 +1.55 25.05 £ 0.50 25.05 £ 0.50 2422 +1.43 2422 +1.43
fourclass 0.19 +0.42 0.23 +0.40 0.23 +0.40 0.23 + 0.40 0.23 +0.40 0.23 +0.40
german.numer 24.56 + 0.61 24.56 + 0.61 2496 +0.79 25.04 +£0.89 24.84 +0.59 24.84 +0.59
liver-disorders 31.86 +£2.83 31.86 +£2.83 31.16 - 1.06 31.16 - 1.06 29.53 +£2.83 29.53 +£2.83
sonar 17.85 + 8.46 17.31 £548 17.88 £5.51 17.50 + 5.46 1712 + 6.17 17.88 +5.34
a2a 18.39 +1.20 18.39 +1.20 18.57 +1.64 18.57 +1.64 18.07 + 0.79 18.07 = 0.79

For each training set, we choose the kernel parameter o and regularization parameter X by the two criteria on the training set respectively, and evaluate the test
errors for the chosen parameters on the test set. The order of the Taylor expansion r = 5.

confidence level 95 percent, we claim that A is significantly
better than B (or equivalently B significantly worse than A)
if the t-statistic

d
— > 1.833.
Sq/V/10

All statements of statistical significance in the paper refer to
a 95 percent level of significance. The learning machines we
considered including LSSVM, L2-5VM, KRR, L1-S5VM and
e-SVR. The codes of L2-SVM is from [50] implemented in
Matlab, L1-SVM and e-SVR are from LIBSVM [51] imple-
mented in C++. LSSVM, KRR and the calculation of BIFs are
implemented in Matlab. Experiments are conducted on a
Dell PC with 3.1-GHz 4-core CPU and 4-GB memory.

6.1 LSSVM
In this section, we will verify the performance of ¢-BIF for
LSSVM, t = 5,10, 20.

6.1.1 Gaussian Kernel

In our first experiment, we set the order of the Taylor expan-
sion r =5 (we will explore the influence of this parameter

next). The traditional ¢-fold cross-validation error (¢t-CV) and
t-BIF error with fixed A = 1/n are shown in Fig. 1. For each
data set, we compute the t-CV and ¢-BIF errors with different
0,0 € {2",i =-10,-9,...,10}. One can see that t-BIF is coin-
cident with traditional ¢-CV on all data sets, ¢ € {5,10,20}.
This demonstrates that ¢-BIF approximates t-CV perfectly well.

The average test errors of ¢-BIF and t-CV for Gaussian
kernel are reported in Table 1. For each training set, we
choose the o € {2,i = —10,-9,...,9,10} and X € {2//n,i =
—3,—2,...,11} by the two criteria on the training set respec-
tively, and evaluate the test errors for the chosen parameters
on the test set. The test errors of ¢-BIF and ¢-CV are very sim-
ilar, neither ¢-BIF nor ¢-CV criterion is shown to be signifi-
cantly better than the other on any of the data sets. In
particular, on australian, heart, ionosphere, breast-cancer,
diabetes, german.numer and a2a data sets, 5-BIF gives the
same test errors as 5-CV. On the remaining data sets, both
5-BIF and 5-CV give the similar results. The results of
t = 10,20 are similar to that of ¢t = 5. The above experimen-
tal results demonstrate that the quality of our approxima-
tion of CV based on BIF is quite good.

The computational time of ¢-BIF and t-CV are listed in
Table 2. We can find that the time cost of ¢-BIF is much
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TABLE 2
The Average Computational Time (in Seconds) of ¢-BIF and ¢-CV for LSSVM with ¢ = 5, 10, 20, and the
Order of the Taylor Expansion » =5
LSSVM 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
australian 11.22 +£0.10 7.50 + 0.11 28.06 + 0.49 9.76 +£0.18 59.14 £ 0.20 14.42 4+ 0.09
heart 2.19 £0.03 1.46 +0.02 5.15 £ 0.06 220 +£0.11 11.24 £ 0.10 3.58 £0.03
ionosphere 3.42 +0.02 2.03 +£0.01 8.02 + 0.06 2.93 +£0.01 17.18 £ 0.10 4.72 £0.02
breast-cancer 10.52 + 0.09 6.99 £ 0.03 25.53 £+ 0.40 9.24 £0.06 57.96 £+ 0.69 14.00 £ 0.04
diabetes 13.45 4+ 0.06 11.92 4+ 0.02 33.26 £0.77 16.68 +0.24 85.65 +£0.19 25.90 £ 0.16
fourclass 14.19 £ 0.05 14.49 £ 0.03 4112 £0.17 20.56 £+ 0.05 92.98 £+ 0.30 32.60 £+ 0.09
german.numer 27.05 +£0.10 21.91 +0.08 68.54 +0.14 30.79 +£0.14 157.59 + 0.31 48.31 £0.15
liver-disorders 2.89 £ 0.04 1.96 + 0.05 6.80 £ 0.03 2.80 £ 0.01 14.46 + 0.04 453 +0.01
sonar 1.69 + 0.02 1.06 £+ 0.01 3.72 +£0.03 1.62 +0.01 7.64 +0.05 2.73 +£0.01
al2a 175.57 £ 0.83 152.77 £ 0.33 463.19 £+ 0.86 205.96 £+ 0.65 1076.65 + 5.63 312.96 + 0.53
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Fig. 2. The mean square discrepancies between ¢-CV and ¢-BIF with different , where r is the order of the Taylor expansion. For each training set,
we choose the o and X by ¢-fold cross validation on the training set. Plotted are the mean square error of the approximate fk_ps\s (x) and fk_ps\s (x) for

the chosen parameters on the validation sample S;.

TABLE 3

The Average Test Errors (%) of t-BIF and ¢-CV on the Classification Data Sets for LSSVM with Polynomial Kernel, ¢ = 5,10, 20
LSSVM 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
australian 1443 +1.44 15.19 £2.17 14.14 £ 1.53 14.84 +2.39 14.26 +1.09 14.96 £+ 2.11
heart 18.81 £ 1.71 18.81 £ 1.71 19.85 4+ 2.06 19.85 + 2.06 18.22 £ 3.17 18.52 +2.82
ionosphere 6.06 £ 1.11 5.37 +£0.87 5.83 £1.10 5.37 £0.87 6.17 £1.10 5.37 +£0.87
breast-cancer 3.28 £ 0.56 3.17+£043 2.93 £0.69 3.11+£ 049 3.11+£0.84 3.11 £0.49
diabetes 2229 £ 1.61 2229 £ 1.61 2224 +£1.24 2224 +£1.24 21.93 £+ 1.60 21.93 £+ 1.60
fourclass 0.19 +0.13 0.19 +0.13 0.24 +0.13 024 +£0.13 0.24 +£0.13 0.24 +£0.13
german.numer 25.16 +2.49 26.68 £ 1.04 2472 £1.72 26.68 + 1.04 24.52 +1.35 26.68 + 1.04
liver-disorders 29.30 + 1.06 29.30 + 1.06 28.72 £ 1.52 28.72 £ 1.52 29.19 + 1.56 29.19 + 1.56
sonar 16.92 +2.77 17.88 + 3.88 18.65 + 1.75 18.08 £ 3.56 17.50 +£1.25 18.85 £+ 2.60
a2a 19.49 4+ 0.93 19.60 4+ 0.70 19.58 +1.09 19.58 + 1.09 19.63 £+ 0.96 19.63 4+ 0.96

For each training set, we choose the kernel parameter o and reqularization parameter A by the two criteria on the training set respectively, and evaluate the test
errors for the chosen parameters on the test set. The order of the Taylor expansion r = 5.

lower than that of ¢-CV, especially for large number of folds.
Thus, ¢-BIF can significantly improve the efficiency of ¢-CV
for model selection.

Now we explore the influence of the order r of the Taylor
expansion. The discrepancies between ¢-CV and ¢-BIF with
different r are given in Fig. 2. For each training set, we
choose the o and A by t-CV on the training set. Plotted are
the mean square error of the approximate fepss, (x) (com-

puted by ¢-BIF) and fp  (x) (computed by ¢-CV) for the

chosen parameters on the validation sample S;. We can see
that on most data sets there is no discrepancy between ¢t-CV
and ¢-BIF when r > 4. Thus, we can select ¢ = 4 or 5 in prac-
tice without sacrificing accuracy.

6.1.2 Polynomial Kernel

The average test errors of ¢-BIF and ¢-CV for polynomial
kernel are reported in Table 3. For each training set, we choose
the d € {i=1,2,...,10} and X € {2//n,i = -3, —2,...,11}
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TABLE 4

The Average Computational Time (in Seconds) of ¢-BIF and ¢-CV for LSSVM with Polynomial

Kernel, t = 5,10, 20 and the Order of the Taylor Expansion r = 5

1091

LSSVM 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
australian 11.24 £0.31 7.82 +0.09 28.09 £1.33 9.05+ 146 53.70 £ 1.44 14.92 +1.27
heart 2.60 £ 0.02 1.42 +£0.19 5.65 £ 0.16 229 £041 11.88 + 0.85 3.55+£0.81
ionosphere 342 +0.14 2.05+0.17 8.82 £+ 0.55 2.26 +0.49 17.69 £1.90 4.80+0.33
breast-cancer 10.78 = 0.03 6.89 + 0.05 25.09 £ 0.02 9.63 £ 0.04 16.37 +0.02 4.42 +0.08
diabetes 13.08 £ 0.09 11.10 £ 0.09 33.98 + 0.05 15.81 £ 0.54 86.69 + 0.14 24.50 +0.92
fourclass 14.13 £ 0.23 13.37 £0.21 4155 +£0.11 20.56 £ 0.02 96.44 £+ 0.49 34.08 £ 0.90
german.numer 27.07 £0.02 21.41 £ 0.09 68.65 + 0.71 30.81 +0.40 156.06 £ 0.40 47.12 +0.30
liver-disorders 2.83 £ 0.09 1.97 £ 0.04 6.69 £ 0.02 2.90 £0.07 14.46 + 0.03 451 +£0.04
sonar 1.63 £0.01 1.02 +0.04 3.77 £ 0.04 1.64 +0.07 7.94 + 0.05 2.74 £ 0.03
a2a 175.34 £ 0.86 152.75 £ 0.32 436.11 £ 0.75 213.27 £ 0.74 1076.95 + 2.69 312.76 = 0.73
TABLE 5

The Average Test Errors (%) of t-BIF and ¢-CV for L2-SVM with the Order of the Taylor Expansion r = 5
L2-SVM 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
australian 15.13 + 1.07 15.13 £1.07 14.38 + 0.86 14.61 + 0.86 14.55 + 1.33 14.55 £1.33
heart 17.04 + 3.19 17.04 £ 3.19 17.19 £ 3.41 17.19 £ 3.41 17.78 + 3.05 17.33 £2.49
ionosphere 754 +1.17 7.09 £ 1.65 7.31 +0.85 6.86 £ 0.57 6.74 £0.48 6.29 £ 1.07
breast-cancer 3.11 £ 0.61 3.11+0.61 3.23+£0.59 3.23 £0.59 3.52 £ 046 3.52+0.46
diabetes 23.70 £ 1.46 23.70 £1.46 24.01 £ 1.37 24.01 £1.37 2417 £1.38 23.80 £ 1.59
fourclass 0.23 £0.40 0.23 +£0.40 0.28 +0.38 0.05+0.10 0.28 +0.38 0.05+0.10
german.numer 2492 £ 0.88 24.96 £ 0.89 24.52 +0.48 24.52 +0.48 2544 +0.55 25.36 £ 0.62
liver-disorders 30.81 +3.13 30.70 + 3.14 30.12 £2.19 29.77 £ 1.81 28.84 +1.87 28.84 +1.87
sonar 19.62 +7.98 17.69 £ 6.03 17.88 £5.12 17.69 + 4.88 17.12 +4.87 17.12 £ 4.87
a2a 18.23 +1.27 18.14 £ 1.30 18.45 + 1.45 18.46 + 1.48 18.43 +£1.41 18.45 +£1.40

For each training set, we choose the kernel parameter o and reqularization parameter X by each criterion on the training set respectively, and evaluate the test

errors for the chosen parameters on the test set.

TABLE 6

The Average Computational Time (in Seconds) of ¢-BIF and ¢-CV for L2-SVM with the Order of the Taylor Expansion r» = 5
L2-SVM 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
australian 2542 +2.82 8.50 £ 0.21 55.85 + 3.41 10.86 £ 0.25 105.60 £+ 4.42 15.69 £ 0.30
heart 8.94 £ 0.28 2.19+£0.03 19.09 £ 0.56 2.89 £0.06 35.35+1.14 423 4+0.05
ionosphere 17.31 £1.05 2.77 £ 0.07 31.15+0.76 3.68 £0.10 52.24 +1.82 5.59 + 0.21
breast-cancer 33.19 £ 1.86 9.18 £ 0.05 61.48 £0.92 11.41 £0.15 118.46 £ 1.44 16.27 + 0.09
diabetes 31.07 £ 0.95 14.20 £ 0.12 64.32 + 0.50 19.77 £ 0.07 130.19 £ 2.52 30.73 +0.09
fourclass 3745 +1.25 18.07 = 0.08 76.66 £ 1.37 25.20 +£ 0.07 150.90 £ 1.19 39.40 £ 0.12
german.numer 40.40 £0.29 25.01 £0.12 92.77 £1.04 35.06 +£0.14 185.18 £1.33 55.29 £0.18
liver-disorders 13.23 + 0.69 2.36 £ 0.05 23.47 £4.08 3.25£0.03 40.93 +4.57 513 £0.12
sonar 7.18 +1.31 1.85 +0.03 17.18 £0.21 241 4+0.02 31.83 +0.44 3.60 £+ 0.02
a2a 172.39 £ 1.25 165.69 £+ 0.41 440.68 + 1.64 226.81 +0.28 955.76 + 4.60 350.81 £ 0.37

by the two criteria on the training set respectively, and evalu-
ate the test errors for the chosen parameters on the test set.
Neither ¢-BIF nor ¢-CV criterion with polynomial kernel prov-
ing significantly better than the other on any of the data sets,
t = 5,10, 20. The above experimental results demonstrate that
our proposed approximate CV method can also be applied for
the polynomial kernel.

The computational time of ¢-BIF and ¢-CV for polynomial
kernel are listed in Table 4. One can see that the time cost of
t-BIF is much lower than that of ¢-CV, especially for large
number of folds.

Remark 4. Theoretically, our approximate CV can be suit-
able for all the data sets when the BIF and high order BIFs

are existence. However, from the experiments, one can
see that for some data sets of small fold (¢t =5), the
computation time benefits much more reduction than
others. This is because of the time complexity of BIF-
criterion is O(n® + tn? + rn?), which is not much faster

than the traditional CV of time complexity of O((i—;)2 n3)
for small fold.

6.2 L2-SVM

The learning machine used in this section is L2-SVM. The
average test errors and computational time of ¢-BIF and
t-CV are respectively reported in Tables 5 and 6. For each
training set, we choose the o and A by each criterion on the
training set respectively, and evaluate the test errors for the
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TABLE 7

The Average Test Errors (%) of t-BIF and ¢-CV on the Classification Data Sets for L1-SVM with the Order of Taylor Expansionr = 5
Classification 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
australian 15.19 £ 1.12 15.01 £1.22 14.96 + 0.84 14.78 + 1.10 14.90 + 0.78 14.67 £1.49
heart 17.78 + 1.89 18.37 £ 4.10 17.33 £ 1.78 17.04 £ 2.16 18.37 + 0.97 17.19 £2.31
ionosphere 7.09 + 1.04 743 £ 1.07 6.63 + 1.25 7.31+1.10 7.09 + 1.04 7.89 £1.48
breast-cancer 3.05+0.74 3.11£0.49 2.99 £+ 0.52 3.11+£0.53 3.28 £ 048 3.28 £+ 0.60
diabetes 23.33£1.99 23.85 £ 1.86 24.06 +1.82 2422 +1.41 23.59 +£1.48 24.06 +1.31
fourclass 0.19 £0.30 0.19 £0.30 0.28 +0.30 0.09 £0.13 0.28 +£0.30 0.09 £0.13
german.numer 25.00 £ 0.55 26.48 £1.08 25.08 £+ 0.64 26.36 +1.30 24.96 £+ 0.46 26.36 £ 1.30
liver-disorders 32.67 £1.95 32.79 £1.46 31.98 +1.01 32.21 £3.20 32.21 +£3.80 33.49 +£1.87
sonar 2135+ 8.34 20.77 £5.55 17.31 £ 4.56 22.50 £ 8.78 17.12 £ 7.05 20.77 £5.55
a2a 18.52 + 1.38 18.73 £ 4.43 18.98 + 1.33 18.82 +4.39 18.66 + 1.33 18.71 £ 4.42

For each training set, we choose the kernel parameter o and regularization parameter \ by each criterion on the training set, and evaluate the test error for the

chosen parameters on the test set.

TABLE 8
The Average Computational Time (in Seconds) of ¢-BIF and ¢-CV for L1-SVM with ¢t = 5,10, 20 and the
Order of the Taylor Expansion r = 5

Classification 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
australian 8.79 £0.11 6.35 £ 0.15 19.49 £ 0.21 7.52 £0.12 41.29 +0.56 9.99 £+ 0.07
heart 2.21 £0.03 215+£041 4.78 £0.08 241 £0.30 9.80 £ 0.09 2.87 £0.12
ionosphere 4.70 £ 0.10 297 £0.14 10.24 £ 0.26 3.25+£0.22 21.27 £ 0.56 412 4+0.10
breast-cancer 5.60 £ 0.10 4.74 +£0.07 12.42 £0.23 5.90£0.13 26.00 £+ 0.40 8.29 £0.13
diabetes 7.59 £0.16 6.43 £+ 0.06 17.04 £ 0.29 7.86 £ 0.09 35.84 +0.43 10.58 £ 0.07
fourclass 6.37 £0.21 6.90 £ 0.09 14.33 £ 0.44 8.70 £ 0.09 30.30 £ 0.97 12.23 +£0.13
german.numer 22.66 +0.30 15.83 £0.23 50.88 + 0.88 18.34 £0.20 107.24 £1.67 23.35+0.17
liver-disorders 2.37 £0.05 1.92 +0.08 522+0.13 2.38 £0.13 10.51 £ 0.19 3.12 £0.07
sonar 3.01 £ 0.06 2.00 £ 0.05 6.47 £0.12 2.32 +£0.04 13.28 £ 0.12 2.82 £0.02
a2a 129.86 +£0.93 144.55 +£1.09 292.99 + 2.56 156.29 +1.28 618.18 +5.10 181.50 +1.30
TABLE 9

The Testing Mean Square Error of ¢-BIF and ¢-CV for KRR, the Order of Taylor Expansionr =5
KRR 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
bodyfat 1.81e-5 + 6.8e-6 1.79e-5 + 6.6e-6 1.81e-5 + 6.8e-6 1.81e-5 £ 6.8e-6  1.81e-5+6.8e-6 1.81e-5+ 6.8e-6
housing 13.51 £ 2.09 13.37 £2.26 13.23 £1.96 13.27 £2.33 12.95 + 2.04 12.77 £ 2.48
mpg 7.84 +1.13 7.56 £ 0.89 7.63 £0.71 7.57 £0.69 7.57 £0.69 7.57 £0.69
pyrim 9.92e-3 £ 5.0e-3 9.92e-3 £ 5.0e-3 9.92e-3 £ 5.0e-3 9.92e-3 £5.0e-3  1.00e-2 +4.9e-3 9.92e-3 £ 5.0e-3
triazines 2.02e-2 + 3.9e-3 2.0le-2 £ 3.9e-3 2.03e-2 £ 3.9e-3 2.03e-2 £3.8e-3 2.04e-2 +4.0e-3 2.02e-2 + 3.9e-3
eunite2001 458.30 £ 33.50 458.30 £ 33.50 453.20 £ 38.04 453.20 £ 38.04 453.20 £38.04  453.20 £ 38.04
space-ga 1.19e-2 + 1.3e-3 1.20e-2 £ 1.5e-3 1.20e-2 + 1.5e-3 1.20e-2 +1.5e-3  1.20e-2 £1.5e-3 1.20e-2 £ 1.5e-3
cpusmall 10.47 +0.44 10.47 £0.44 10.35 £0.21 10.47 +0.44 10.35 £ 0.21 10.35 £0.21
mg 1.45e-2 + 9.5e-4 1.44e-2 £ 1.1e-3 1.44e-2 +1.10e-3  1.44e-2+1.1e-3 1.44e-2+1.1e-3 144e-2+£1.1e-3
abalone 4.46 £0.25 4.46 £0.25 444 £0.26 444 4+0.26 444 4+0.26 4.44 £0.26

For each training set, we choose the kernel parameter o and reqularization parameter \ by each criterion on the training set, and evaluate the test error for the

chosen parameters on the test set.

chosen parameters on the test set. Similar with the results of
LSSVM, t-BIF gives almost the same accuracy results as
t-CV but meanwhile significantly improves the efficiency.
In practice, t-CV is not statistically superior to ¢-BIF at the
95 percent level of significance for accuracy on any of the
data sets, but much slower than ¢-BIF, especially for large t.

6.3 L1-SVM

In this section, the h of Huber loss is set to be 0.01. The test
errors of t-BIF and ¢-CV are reported in Table 7. t-CV is not
statistically superior than ¢-BIF on any of data sets. How-
ever, compared with the performance of ¢-BIF for LSSVM
and L2-SVM, we find that ¢-BIF for L1-SVM is a little worse,
that is the accuracy results of ¢-BIF and ¢-CV are not always

the same for L1-SVM. This may be explained by the fact
that we substitute the Huber loss with small % for the hinge
loss in this paper.

The computational times of ¢-BIF and ¢-CV are reported
in Table 8. Note that L1-SVM is implemented in C++, but
our approximate method is implemented in Matlab. Even
so, we find that our ¢-BIF gives the comparable results with
that of ¢-CV for small ¢, and is much faster for large ¢.

6.4 KRR

In this section, we use KRR for regression. The test mean
square errors and computational times of ¢-BIF and t-CV
are respectively reported in Tables 9 and 10. Similar to the
results of classification, one can see that ¢-BIF gives nearly
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TABLE 10
The Average Computational Time (in Seconds) of ¢-BIF and ¢-CV for KRR with the Order of the Taylor Expansion r = 5
KRR 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
bodyfat 2.12 £0.07 1.26 £ 0.02 4.73 £0.04 1.96 £ 0.16 10.14 £ 0.51 3.15 £ 0.05
housing 6.27 +0.09 3.39 +£0.02 14.74 £0.10 4.62 +0.06 32.66 +0.18 6.99 + 0.06
mpg 418 £0.14 2.16 £ 0.01 9.45 + 0.08 3.03 £0.02 20.80 £ 0.14 4.80 £ 0.06
pyrim 0.76 +0.01 0.54 +0.01 1.63 + 0.02 0.90 + 0.02 3.26 +0.03 1.59 + 0.04
triazines 1.54 £0.02 0.91 £ 0.01 3.36 £0.02 1.41 £0.02 6.87 £0.07 2.37 £0.02
eunite2001 2.73 +£0.03 1.62 +0.02 6.43 £ 0.07 2.39 +0.02 13.57 £ 0.06 3.93 +£0.02
space-ga 422.81 +£0.99 310.54 £0.34 1287.07 +2.88 402.34 £0.24 3131.25 £ 6.44 586.30 £+ 0.50
cpusmall 273.93 + 1.44 212.75 £ 0.49 794.09 + 3.76 282.92 +0.45 1944.67 + 8.03 423.66 +0.93
mg 56.92 £ 0.10 42.67 +£0.08 151.48 +0.13 60.02 £ 0.05 344.30 £ 0.47 94.73 £0.13
abalone 1379.41 +3.98 802.11 + 0.98 4028.64 + 8.78 968.80 + 1.19 9687.75 + 17.95 1298.82 + 1.47
TABLE 11
The Testing Mean Square Error on the Regression Data Sets for SVR with » = 5and h = 0.01

e-SVR 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF
bodyfat 9.10e-5 + 1.7e-5  1.09e-4 +3.9e-5 9.1le-5+1.7e-5 9.74e-5 + 2.4e-5 9.04e-5 + 1.78e-5  9.74e-5 + 2.4e-5
housing 46.81 £ 3.91 46.72 +3.85 46.72 + 3.85 47.59 +5.03 46.72 + 3.85 47.59 +5.03
mpg 19.90 +2.84 19.69 + 2.68 19.81 £2.94 19.69 + 2.68 19.81 £2.94 19.69 + 2.68
pyrim 1.56e-2 £ 5.6e-3  1.55e-2 £ 5.4e-3  1.53e-2 £59e-3  1.56e-2 £+ 5.4e-3 1.56e-2 + 5.5e-3 1.58e-2 + 6.5e-3
triazines 2.24e-2 £3.5e-3  2.50e-2 £4.6e-3 224e-2+34e-3  2.50e-2 + 4.6e-3 2.17e-2 £ 2.6e-3 2.50e-2 + 4.6e-3
eunite2001  1758.36 +173.3  1756.46 +172.6 ~ 1758.36 £173.3  1756.46 £ 172.6 1758.36 + 173.3 1756.46 + 172.6
space-ga 141e-2+1.0e-3 141e-2+1.0e-3 1.41le-2+£9.0e-4 1.4le-2+9.0e-4 1.41e-2 +9.0e-4 1.41e-2 +9.0e-4
cpusmall 107.18 £ 10.76 106.24 +12.74 107.18 £ 10.76 106.24 +12.74 107.18 £ 10.76 106.24 + 12.74
mg 1.77e-2 + 8.9e-4 1.76e-2 + 7.5e-4  1.75e-2 + 6.8e-4 1.76e-2 4+ 8.3e-4 1.75e-2 4+ 6.8e-4 1.76e-2 + 8.3e-4
abalone 5.51 £ 0.06 5.50 £+ 0.05 5.48 £ 0.05 5.50 £ 0.05 5.50 £+ 0.06 5.50 £+ 0.06

For each training set, we choose the kernel parameter o and reqularization parameter \ by each criterion on the training set, and evaluate the test error for the

chosen parameters on the test set.

TABLE 12
The Average Computational Time (in Seconds) for SVR with the Order of the Taylor Expansion r = 5

e-SVR 5-CV 5-BIF 10-CV 10-BIF 20-CV 20-BIF

bodyfat 1.24 £0.02 2.16 +0.10 2.54 + 0.09 2.42 +0.07 5.07 £ 0.12 3.03 +0.05
housing 2.96 + 0.25 3.58 +0.17 6.02 +0.26 4.33 + 0.08 12.11 + 0.51 5.75 + 0.08
mpg 2.26 £0.08 2.59 £ 0.09 449 £0.11 3.14 £0.08 8.87 £ 0.18 4.06 +£0.09
pyrim 0.98 £+ 0.10 0.84 +0.10 1.73 +0.09 1.06 +0.12 3.36 £ 0.13 1.66 + 0.08
triazines 1.85 + 0.04 1.91 +£0.08 3.85 £ 0.08 2.23 £0.07 7.84+0.24 2.70 £ 0.05
eunite2001 1.76 £0.10 2.47 +0.07 3.49 +0.10 2.83 +0.07 6.76 = 0.18 3.61 +0.05
space-ga 32.73 £1.32 51.13 £2.35 75.61 £ 3.60 68.73 £2.16 161.55 £ 7.12 82.27 +2.18
cpusmall 17.07 +0.82 30.97 +0.36 36.99 +1.23 38.07 £ 0.60 7771 +2.54 48.33 + 0.58
mg 10.19 +0.29 15.03 + 0.11 2293 £0.37 20.10 £ 0.09 49.26 + 0.80 28.33 £0.12
abalone 73.48 +=1.70 105.92 £ 0.98 17297 £3.73 138.51 £0.92 373.10 +7.02 184.35 £1.02

the same accuracy results as that of t-CV, meanwhile, signif-
icantly improves the efficiency on most data sets.

6.5 ¢SVR
In this experiment, we set e = dand h = 0.01¢, where d is stan-
dard error of the output y; (in this experiment, we only report
the results of € = d, similar results can be found with other
values, e.g., e€ {2 d,i=—4,-3...,4}). The test mean
square errors of t-BIF and ¢-CV are reported in Table 11. We
can see that ¢-BIF gives the similar result with that of ¢-CV.
We can also find that the performance of ¢-BIF for e-SVR is a
little worse than that for KRR. This may be caused by the
replacement of max (0, |y — fips(x)| — €) with Huber loss.
Although the eSVR is implemented in C++, from
Table 12, we find that ¢-BIF gives the comparable results
with that of ¢-CV for small ¢, and is much faster for large ¢.

The above results for LSSVM, L2-SVM, L1-SVM, KRR
and e-SVR demonstrate that the proposed approximate CV
based on Bouligand influence function is sound and effec-
tive for their model selection.

7 CONCLUSION

In this paper, we develop a novel approximation theory of
t-fold empirical cross-validation error based on the Bouli-
gand influence function. We express the ¢-fold CVE by the
BIF and higher order BIFs via Taylor expansions, and derive
an upper bound of the discrepancy between the original
and approximate ¢-fold CVEs with a very fast convergence
rate O(s7). We further give the BIF-based approximation
of the t-fold CVEs for a wide variety of kernel-based
algorithms, and propose an approximate CV using the
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BIF-based approximation as model selection criteria instead
of the t-fold CVE. Theoretical and experimental results
show that the proposed approximate CV has sound theoret-
ical foundation, high computational efficiency and wide
application, and provides a new paradigm for model selec-
tion with cross-validation.

APPENDIX A
PROOF OF THEOREM 1
JBIF;(Ps,:fic,Ps)

Proof. Let f[‘]ps\s feps + 270 () i
Equation (4), we have
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Note that V (-, -) is C-Lipschitz continuous with respect to
the second variable, thus we have
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This completes the proof of Theorem 1. 0
APPENDIX B

PROOF OF THEOREM 2

Proof. From Theorem 2 in [52], we have

—2X fep = Ep[l'(y, fiep(x))P(x)] an

Let fe = fep.,- Note that P.g = (1 — ¢)P + €Q, hence we
can obtain that

—2M e = (L= )Ep[l'(y, fe(x)] + Eq[l'(y, fe(x)].  (12)

Taking the first derivative on both sides of (12) with
respect to e yields

-2, = (1= 9me| (2 4.9 ) 0. 1001000
Bl (3, £,00)(0)

et (3409 1000000
FEQle (v, £.0)B(0].

(13)
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Setting ¢ = 0 and according to Equation (11), we have

02 i+ B (00 ) ' S () 000

= Ep [0 (y, fep(x)P(x)] — Eg[€'(y, fer(x)P(x)]
= _2Afl(,]P - EQ [gl(:% fK,]P’(X))qD(X)] .

O
APPENDIX C
PROOF OF THE THEOREM 3
Proof. First we prove the following forall 2 < k € N:
3 8 4
2l =0~ e)Eﬂ»KTfe(x))é v, ﬂ(x))cb(x)]
s K s )wy, £.00)® (x)]
(14)

B (555 1.9 )0 £00)00)
et (35409 20D 00

Taking the derivative on both sides of (13) with respect to
e yields
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Thus for k = 2, the Equation (14) is satisfied. Taking the
derivatives of both sides in (14),
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from which it follows that (14) holds for £ + 1 indeed. Set
e=0:

)

i o+ B | (oS00 ) 0 00D
= (5 Dz | (S 00l0 ) /0 oo ()00
= 0B (5000 ) /0 e ()00
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